Asymptotic Analysis of Unstable Solutions of
Stochastic Differential Equations

In this article, we will discuss the asymptotic behavior of unstable solutions
of stochastic differential equations (SDEs). SDEs are a powerful tool for
modeling a wide variety of phenomena in science and engineering, such as
the motion of particles in a fluid, the growth of populations, and the
evolution of financial markets.

Unstable solutions are solutions that tend to move away from a given point
or set as time goes to infinity. This can be caused by a number of factors,
such as the presence of noise or the nonlinearity of the equation.
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The asymptotic behavior of unstable solutions is important for a number of
reasons. For example, it can be used to determine the long-term behavior
of a system, or to design control systems that prevent the system from
becoming unstable.
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In this article, we will present a number of techniques for analyzing the
asymptotic behavior of unstable solutions of SDEs. These techniques
include:

=  The method of moments
= The method of Lyapunov functions

= The martingale representation theorem

We will also provide a number of examples to illustrate the application of
these techniques.

The Method of Moments

The method of moments is a simple but powerful technique for analyzing
the asymptotic behavior of SDEs. The method of moments is based on the
idea of using the moments of the solution to estimate its distribution.

To use the method of moments, we first need to compute the moments of
the solution. The moments of the solution can be computed by solving a
system of differential equations. Once we have computed the moments, we
can use them to estimate the distribution of the solution.

The method of moments is a powerful technique for analyzing the
asymptotic behavior of SDEs. However, the method of moments can only
be used to analyze SDEs that have a finite number of moments.

The Method of Lyapunov Functions

The method of Lyapunov functions is a more general technique for
analyzing the asymptotic behavior of SDEs. The method of Lyapunov



functions is based on the idea of using a Lyapunov function to determine
the stability of a solution.

A Lyapunov function is a function that is positive definite and decreases
along the solution of the SDE. If a Lyapunov function can be found, then
the solution is said to be stable.

The method of Lyapunov functions is a powerful technique for analyzing
the asymptotic behavior of SDEs. However, the method of Lyapunov
functions can be difficult to apply to SDEs that are highly nonlinear.

The Martingale Representation Theorem

The martingale representation theorem is a powerful tool for analyzing the
asymptotic behavior of SDEs. The martingale representation theorem
states that any SDE can be represented as a martingale plus a drift term.

The martingale representation theorem can be used to analyze the
asymptotic behavior of SDEs by using the properties of martingales.
Martingales are processes that have no drift, and their expected value at
any time is equal to their initial value.

The martingale representation theorem is a powerful tool for analyzing the
asymptotic behavior of SDEs. However, the martingale representation
theorem can be difficult to apply to SDEs that are highly nonlinear.

Examples

In this section, we will provide a number of examples to illustrate the
application of the techniques discussed in this article.



Example 1: The Ornstein-Uhlenbeck Process

The Ornstein-Uhlenbeck process is a SDE that is given by the following
equation:

$$ dX_t = \theta X_t dt + \sigma dW_t, $$

where $\theta$ is a constant, $\sigma$ is a positive constant, and $W_t$ is
a Wiener process.

The Ornstein-Uhlenbeck process is a mean-reverting process, which
means that it tends to move towards its mean value $\theta$. The rate of
mean-reversion is determined by the constant $\theta$.

The asymptotic behavior of the Ornstein-Uhlenbeck process can be
analyzed using the method of moments. The moments of the Ornstein-
Uhlenbeck process can be computed by solving the following system of
differential equations:

$$ \begin{aligned\frac{d{dt}E[X_t] &= \theta E[X_t], \\ \frac{dK{dt}E[X_t"2]
&= 2\theta E[X_t"2] + \sigma”2. \end{aligned}$$

Solving this system of differential equations, we obtain the following
moments:

$$ \begin{aligned}E[X_t] &= e/{-\theta t}X_0, \\ E[X_t"2] &= \frac{\sigma’2}
{2\theta}(1 - e-2\theta t}) + e/{-2\theta t}X_072. \end{aligned}$$

These moments can be used to estimate the distribution of the Ornstein-
Uhlenbeck process. For example, we can use the following formula to



compute the probability that the Ornstein-Uhlenbeck process will be greater
than a given value $x$ at time $t$:

$$ P(X_t>x) =1 - \PhiNleft(\Mfrac{x - e{-\theta t}X_0X\sqgrt{\frac{\sigma”’2}
{2\theta}(1 - e-2\theta t}) + e’{-2\theta t}X_0"2}}\right),$$

where $\Phi(\cdot)$ is the cumulative distribution function of the standard
normal distribution.

Example 2: The Geometric Brownian Motion

The geometric Brownian motion is a SDE that is given by the following
equation:

$$ dX_t =\mu X_t dt + \sigma X_t dW_t, $$

where $\mu$ is a constant, $\sigma$ is a positive constant, and $W_t$ is a
Wiener process.

The geometric Brownian motion is a diffusion process, which means that it
has no drift and its variance is proportional to the time. The constant $\mu$

determines the drift of the process, and the constant $\sigma$ determines
the
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